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Screened modified gravity (SMG) is a kind of scalar-tensor theory with screening mechanisms,
which can suppress the fifth force in dense regions and allow theories to evade the solar system and
laboratory tests. In this paper, we investigate how the screening mechanisms in SMG affect the
gravitational radiation damping effects, calculate in detail the rate of the energy loss due to the
emission of tensor and scalar gravitational radiations, and derive their contributions to the change
in the orbital period of the binary system. We find that the scalar radiation depends on the screened
parameters and the propagation speed of scalar waves, and the scalar dipole radiation dominates the
orbital decay of the binary system. For strongly self-gravitating bodies, all effects of scalar sector are
strongly suppressed by the screening mechanisms in SMG. By comparing our results to observations
of binary system PSR J1738+0333, we place the stringent constraints on the screening mechanisms
in SMG. As an application of these results, we focus on three specific models of SMG (chameleon,
symmetron, and dilaton), and derive the constraints on the model parameters, respectively.
I. INTRODUCTION
Einstein’s theory of General Relativity (GR) has been
very successful at interpreting gravity on a huge range of
scales, from submillimeter scale tests in the laboratory
[1, 2], to solar system [3, 4] and binary pulsar [5–8] tests.
Nevertheless, GR is known to be incomplete in the ultra-
violet regime where it should be replaced by a (still un-
known) quantum theory of gravity [9]. Also, within the
framework of GR, in order to explain the observations
on the infrared cosmological scales, the dark ingredients
(dark matter and dark energy) [10] were introduced as
the supplementary material in our Universe. Therefore,
alternative theory of gravity is the direction that is sup-
posed to be worth a try. In addition, the majority of tests
of GR only verify the effects of the conservative sector
of GR in the weak-field and low energy regimes [3, 4].
Gravitational waves (GWs) provide the excellent oppor-
tunity to perform quantitative tests of dissipative sector
and strong-field dynamics of gravity theories. The first
indirect detection of GWs is based on the observations of
orbital decay of binary pulsar system [11]. In September
14, 2015, the first direct GW signal GW150914 was ob-
served by LIGO, which was produced by the coalescence
of two stellar-mass black holes [12]. In order to better
understand gravity and fundamental physics from these
observations, it is important to clarify the corresponding
predictions from GR and alternative theories of gravity
[13, 14]. For these reasons, the study of gravitational ra-
diation in alternative theories of gravity has become an
important issue.
Another motivation for the research on gravity theo-
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ries is the following argument: Scientists can never truly
“prove” that a theory (e.g. GR) is correct, but rather all
we do is disprove, or more accurately constrain, alterna-
tive hypothesis. The theory that remain and cannot be
disproven by observations becomes the status quo [15].
Indeed, this is the case today for Einstein’s theory of
GR. So, even for the verification of GR theory, we should
also investigate the prediction of alternative theories, and
compare them with the prediction of GR. Actually, this
has been subjected to a battery of tests through solar
system [4, 16], binary pulsar [5–8], gravitational waves in
the binary black holes [17] and cosmological observations
[18].
A natural alternative to GR is scalar-tensor theory [19–
21], which invokes a conformal coupling between mat-
ter and an underlying scalar field, besides the standard
space-time metric tensor. Scalar-tensor theory can not
only be shown to be equivalent to several phenomeno-
logical gravity theories (e.g. f(R) gravity [22, 23]), but
also be justified by the low energy limit of string the-
ory or supergravity [24–27]. Moreover, scalar fields are
also widely used in modern cosmology (e.g. quintessence
[28] and inflation [29]). The coupling between scalar
field and matter leads to the scalar force (fifth force),
and current experimental constraints [30, 31] require that
the fifth force must be screened in high density environ-
ments. Presently, there are three main screening mecha-
nisms in scalar-tensor gravity: chameleon [32–34], sym-
metron [35–37], and dilaton [25, 26, 38]1. These three
mechanisms can be described within a unified theoret-
ical framework called screened modified gravity (SMG)
[40]. SMG is a class of scalar-tensor theory with screen-
1 The screen mechanism can also be realized by the non-linearities
in the kinetic term p(φ,X) of scalar field [39], which is not con-
sidered in the present article.
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2ing mechanisms, which is described by a bare potential
V (φ) and a conformal coupling function A(φ) in scalar-
tensor theory. The motion of scalar field is governed by
an effective potential defined through V (φ) and A(φ). In
order that SMG can generate a screening effect to sup-
press the fifth force in high density environments, the
effective potential must have a minimum [40], which can
be naturally understood as a physical vacuum. Around
this physical vacuum, the scalar field acquires an effective
mass, which increases as the ambient density increases.
Therefore, the scalar field can be screened in high den-
sity regions (small scales), where the range of the fifth
force (scalar force) is so short that it cannot be detected
within current experimental accuracy [33, 34]. Whereas
in low density regions (galactic and cosmological scales),
the long-range fifth force may affect galactic dynamics
[41, 42], and the scalar potential can play the role of
dark energy to accelerate the expansion of the Universe
[32, 36].
The salient feature of SMG is the screening mecha-
nism, which can suppress the fifth force and allow the-
ories to evade the solar system tests. In previous work
[43], we have investigated the screening mechanisms for
the SMG with a general potential V (φ) and coupling
function A(φ), and calculated the parametrized post-
Newtonian (PPN) parameters, the effective gravitational
constant, and the effective cosmological constant. Based
on these, we derived the constraints on the model pa-
rameters by combining the observations on solar system
and cosmological scales. As an extension of this issue,
in this paper we investigate how the screening mecha-
nisms in SMG affect the gravitational radiation damp-
ing of compact binary systems. We calculate in detail
the rate of the energy loss due to the emission of tensor
and scalar gravitational radiations (including monopole,
dipole, quadrupole, and dipole-octupole radiations) from
compact binary systems in SMG. We pay particular at-
tention on dipole radiation, which is generally stronger
than GR’s quadrupole radiation, and might dominate the
orbital decay of the binary system.
In earlier work, Eardley [44] was the first to point out
the existence of dipole gravitational radiation from self-
gravitating bodies in the Brans-Dicke gravity, and Will
et al. [45] and Alsing et al. [46] placed the pulsar con-
straints on the massless and massive Brans-Dicke grav-
ity, respectively. Damour and Esposito-Fare`se [21] de-
rived the tensor and scalar gravitational radiation fluxes
in the massless multi-scalar-tensor theories. However,
these theories do not have screening effects. Brax et al.
[47] investigated how the cosmological evolution of the
scalar field in SMG results in the emission of scalar ra-
diation. However, he did not consider that the objects
spiral into each other results in the emission of gravita-
tional radiation, as a complement, in this paper we focus
on this case.
In general, in any theory of gravity (including GR),
GWs emission depends not only on the dissipative sector
of the theory which regulates how fast the binary system
loses energy, but also on the conservative sector of the
theory which regulates the orbital dynamics of the sys-
tem. In alternative theories of gravity, in general, both
the conservative and dissipative sectors are modified rel-
ative to GR. In order to understand the effects of the
dissipative sector of the theory, we first need to consider
the modifications to the conservative sector.
In the conservative sector of SMG, we study the im-
pact of the screening mechanism on the orbital dynam-
ics of compact binary systems, which can be effectively
described by the point-particle action with φ-dependent
mass introduced by Eardley [44]. In alternative theories
(including SMG), the orbital dynamics is generally mod-
ified by the additional fields controlled by the sensitivi-
ties [44], which characterize how the gravitational bind-
ing energy of the object responds to its motion relative
to the additional fields. In the weak-field limit around
the Minkowski background and the scalar background
(the vacuum expectation value (VEV) of the scalar field),
making use of the post-Newtonian (PN) formalism, we
solve the PN equations for the massless tensor and mas-
sive scalar fields in the near zone. By comparing this
scalar field solution with our previous result [43] obtained
by the method of matching the internal and external so-
lutions, we find that the first sensitivity of the object is
completely equivalent to its screened parameter. We uti-
lize these PN solutions to derive the equations of motion
for compact binary systems by adopting the method of
Einstein, Infeld and Hoffmann (EIH) [48]. It turns out
that the equations of motion at Newtonian order vio-
late not only the weak equivalence principle (WEP) but
also the gravitational inverse-square law. However, in the
near zone the inverse-square law approximately holds,
which guarantees the Kepler’s third law in this scale.
In the dissipative sector of SMG, we solve the wave
equations for the massless tensor and massive scalar fields
in the wave zone, and derive the energy fluxes carried by
the tensor and scalar modes by investigating the con-
served charges and currents in this theory. We find that
the tensor and scalar modes carry away energy from the
source starting at quadrupole and monopole orders, re-
spectively. These emerge as the consequences of the facts
that the tensor and scalar gravitons are respectively the
massless spin-2 and massive spin-0 particles [49]. In the
tensor sector of SMG, like in GR, the tensor gravitational
charge is the mass itself. Consequently, the conservations
of mass and momentum forbid monopole and dipole ten-
sor radiations, and the tensor quadrupole radiation in
SMG behaves similar to that in GR at leading PN order.
In the scalar sector of SMG, the scalar radiation (includ-
ing monopole, dipole, quadrupole, and dipole-octupole
radiations) depends strongly on the screened parameter,
which acts as the scalar gravitational charge in the the-
ory. There is no scalar monopole radiation contribution
to leading order in the quasi-circular orbit case. The
(scalar) dipole radiation is present in SMG or in other
alternative theories of gravity. This is because that the
violation of the WEP in these theories leads to the differ-
3ence between the two centers of gravitational and iner-
tial masses of the system, which induces a time-varying
dipole moment that emits radiation as the objects spiral
into each other. The dipole-octupole cross term appear-
ing in the scalar radiation is the negative modification to
the energy flux at the same PN order as the quadrupole
radiation contribution. In alternative theories (includ-
ing SMG), the dipole radiation generally depends on the
difference in sensitivities (screened parameters in SMG),
since the conservation of momentum turns the ‘charge’
dipole moment into the form of the difference in sensitiv-
ities. In SMG, the scalar radiation also depends on the
propagation speed of the massive scalar particle, which
satisfies the relativistic dispersion relation. This result
shows that in SMG the scalar GWs can be emitted (i.e.,
scalar mode is excited) if and only if the frequency (en-
ergy) of scalar mode is greater than its mass.
In this paper, we pay particular attention on
dipole radiation, which is generally stronger than GR’s
quadrupole radiation and leads to a strong modification
on the orbital evolution of compact binary systems. How-
ever, in SMG, we find that the scalar dipole radiation,
as well as the other modifications in the conservative
and dissipative sectors, are all suppressed by the screen-
ing mechanisms, and thus the deviations from GR be-
come small for strongly gravitating bodies (such as white
dwarfs and neutron stars). Since in SMG, the screened
parameter (or sensitivity) of the object is inversely pro-
portional to its surface gravitational potential, which in-
duces that the SMG is completely different from other al-
ternative theories without screening mechanisms [50, 51],
and possibly passes the accurate tests in binary systems
[52, 53]. Finally, we obtain the stringent bounds on the
screened parameter (and scalar field VEV) by comparing
our results for the orbital period decay rate to the obser-
vations of quasi-circular binary system PSR J1738+0333
[53]. As an application of these results, we focus on
three specific models of SMG (chameleon, symmetron,
and dilaton), and derive the constraints on the model
parameters, respectively.
This paper is organized as follows. In Sec. II, we dis-
play the action for SMG and derive the field equations
and their weak-field limit. In Sec. III, we focus on the
conservative sector of SMG, solve the PN equations for
the tensor and scalar fields, and investigate the orbital
dynamics of binary systems. In Sec. IV, we focus on
the dissipative sector of SMG, calculate the rate of the
energy loss due to the tensor and scalar gravitational ra-
diations, and derive their contributions to the change of
the orbital period. In Sec. V, we apply our results to
three specific models of SMG (chameleon, symmetron,
and dilaton), and derive the constrains on these models
by the current observations. We conclude in Sec. VI with
a summary and discussion.
Throughout this paper, the metric convention is cho-
sen as (−,+,+,+), and Greek indices (µ, ν, · · · ) run over
0, 1, 2, 3. We set the units to c = ~ = 1, and therefore
the reduced Planck mass is MPl =
√
1/8piG, where G is
the gravitational constant.
II. SCREENED MODIFIED GRAVITY
A. The action
Screened modified gravity (SMG) is a class of scalar-
tensor theory with screening mechanisms, which can sup-
press the fifth force in dense regions and pass the solar
system tests [43]. A general scalar-tensor gravity with
two arbitrary functions is given by the following action
in the Einstein frame [21, 40]:
S =
∫
d4x
√−g
[
M2Pl
2
R− 1
2
(∇φ)2 − V (φ)
]
+ Sm
[
A2(φ)gµν , ψ
(i)
m
]
,
(1)
where g is the determinant of the Einstein frame metric
gµν , R is the Ricci scalar, ψ
(i)
m are various matter fields
labeled by i . The bare potential V (φ) characterizes the
scalar self-interaction, which has three main effects in
the theory: First, it can play the role of dark energy to
accelerate the expansion of the universe at late times.
Second, it endows the scalar field with mass. Finally,
it may introduce nonlinearities into the scalar dynamics.
A(φ) is a conformal coupling function characterizing the
interaction between the scalar and matter fields, which
induces the fifth force (scalar force) in the theory. In the
Einstein frame, the scalar field interacts directly with
the matter field through the conformal coupling function
A(φ). In the Jordan frame, the matter field couples to the
Jordan frame metric g˜µν through a conformal rescaling
of the Einstein frame metric gµν as g˜µν = A
2(φ)gµν [54,
55]. The coupling function A(φ) is usually different for
different matter fields ψ
(i)
m , but for simplicity we assume
that all matter fields couple in the same way to the scalar
field with a universal coupling function A(φ).
In general, the scalar field equation is Klein-Gordon
equation gφ = ∂Veff/∂φ in Eq. (8). The scalar field
is governed by the effective potential Veff(φ) defined in
(11), which depends on the bare potential V (φ) and cou-
pling function A(φ). The shape of the effective potential
determines the behavior of the scalar field. For suitably
chosen functions V (φ) and A(φ), the effective potential
Veff(φ) can have a minimum, i.e., the scalar field has a
physical vacuum [40, 43],
dVeff
dφ
∣∣∣∣
φmin
= 0 , m2eff ≡
d2Veff
dφ2
∣∣∣∣
φmin
> 0 . (2)
Around this minimum (physical vacuum), the scalar field
acquires an effective mass which increases as the am-
bient density increases. Therefore, the scalar field can
be screened inside matter overdensities (high density),
where the fifth force range is so short that it cannot be de-
tected within current experimental accuracy. This kind
4of scalar-tensor gravity with screening mechanism is often
called screened modified gravity [40, 47, 56], which can
generate the screening effect to suppress the fifth force in
high density environments and pass the solar system and
laboratory tests. There are many SMG models in the
market, including the chameleon, symmetron and dila-
ton models [40], in which the functions V (φ) and A(φ)
are chosen as the specific forms.
B. Point-particle action of compact
objects and field equations
GR satisfies exactly the strong equivalence principle
(SEP) which leads to a happy property called the “ef-
facement” principle [57]. This principle states that the
internal structure of strongly self-gravitating bodies is
“effaced” and their dynamics and radiation depend only
on their masses and spins (for simplicity we do not con-
sider the spin effects in this article). However, the efface-
ment principle does not hold in alternative theories of
gravity like scalar-tensor gravity. In scalar-tensor theory,
the inertial mass and internal structure of a strongly self-
gravitating body depend on the local scalar field (i.e., the
local gravitational coupling “constant”), which may act
back on the motion of the body and lead to violation of
the SEP. In general, so long as the compact objects are far
enough from each other, their motion can be effectively
described through point particles with the composition
dependent effects encapsulated in nonstandard couplings
in the particle action. Eardley [44] first showed that these
effects could be accounted for by supposing the mass of
the body as a function of the scalar field, such that the
matter action for a system of point-like masses can be
written as
Sm =−
∑
a
∫
ma(φ)dτa , (3)
where ma(φ) is the φ-dependent mass of the a-th point-
particle, and τa is its proper time measured along its
worldline xλa . From this action we can clearly observe
that the WEP is violated, since the scalar field depends
on position, the mass becomes position-dependent, and
the variation of Sm does not yield the geodesic equation.
Using the definition of Tµν ≡ (2/√−g)δSm/δgµν , the
energy-momentum tensor of matter Tµν and its trace T
hence take the form
Tµν(x, φ) = (−g)−1/2
∑
a
ma(φ)
uµau
ν
a
u0a
δ3(r− ra(t)) , (4)
T (x, φ) = −(−g)−1/2
∑
a
ma(φ)
u0a
δ3(r− ra(t)) , (5)
where uµa is four-velocity of the a-th point-particle, and
δ3 is the three-dimensional Dirac delta function.
The full action for a system of compact objects is now
given by
S =
∫
d4x
√−g
[
M2Pl
2
R− 1
2
(∇φ)2 − V (φ)
]
−
∑
a
∫
ma(φ)dτa .
(6)
The variation of the action (6) with respect to the tensor
field and the scalar field yields the tensor field equation
of motion (EOM)
Gµν = 8piG [Tµν(x, φ) + Tφµν(φ)] , (7)
and the scalar field EOM
gφ =
∂Veff(φ)
∂φ
, (8)
where g ≡ (−g)−1/2∂ν
(
(−g)1/2gµν∂µ
)
is the curved
space d’Alembertian. Note that, G is the bare gravita-
tional constant, and it is related to the Newtonian gravi-
tational constant measured with Cavendish-type experi-
ments through Eq.(40) . Here, Gµν is the Einstein tensor,
Tµν(x, φ) is the matter energy-momentum tensor given in
Eq. (4),
Tφµν(φ) = ∂µφ∂νφ− gµν
[
1
2
(∂φ)2 + V (φ)
]
(9)
is the scalar energy-momentum tensor, and
Veff(φ) ≡ V (φ)− T (x, φ) (10)
is the effective potential. Note that, for a negligibly self-
gravitating body, the effective potential reduces to
Veff(φ) = V (φ) + ρA(φ) , (11)
where ρ is the matter density of the local environment of
the scalar field.
C. Field equations in the weak-field limit
We are interested in the energy and momentum carried
by the (scalar and tensor) GWs at large distances from
the source (e.g. at the position of the detector). So, the
tensor field gµν and the scalar field φ can be expanded
around the two backgrounds as follows:
gµν = ηµν + hµν , φ = φVEV + ϕ , (12)
where ηµν is the flat Minkowski background, and φVEV is
the scalar field VEV (scalar background) which depends
on the background matter density. Note that, in this
paper we do not consider the effect of the cosmological
evolution of the scalar field VEV φVEV
2, i.e., φVEV is
regarded as a constant in our case.
2 This effect on scalar radiation from compact binary systems was
studied by Brax and collaborators [47].
5The bare potential V (φ) and the coupling function
A(φ) can be expanded in Taylor’s series around the scalar
background as follows,
V (φ) = VVEV + V1ϕ+ V2ϕ
2 + V3ϕ
3 +O(ϕ4) ,
A(φ) = AVEV +A1ϕ+A2ϕ
2 +A3ϕ
3 +O(ϕ4) , (13)
where AVEV ≡ A(φVEV) is the coupling function VEV,
and VVEV ≡ V (φVEV) is the bare potential VEV which
can act as the effective cosmological constant to accel-
erate the expansion of the late universe [43]. The iner-
tial mass ma(φ) for a strongly self-gravitating body can
be expanded in Taylor’s series around the scalar back-
ground,
ma(φ) =ma
[
1 + sa
( ϕ
φVEV
)
+
1
2
s′a
( ϕ
φVEV
)2
+O
( ϕ
φVEV
)3]
,
(14)
where ma ≡ ma(φVEV) is the inertial mass at the scalar
background, and the “first and second sensitivities” sa
and s′a are defined by [46]
sa ≡ ∂(lnma)
∂(lnφ)
∣∣∣∣
φVEV
, (15a)
s′a ≡ s2a − sa +
∂2(lnma)
∂(lnφ)2
∣∣∣∣
φVEV
. (15b)
In the weak-field limit, we define small perturbation
h¯µν = hµν − 12ηµνhλλ, and impose the Lorentz gauge con-
dition ∂µh¯µν = 0, then the tensor field equation (7) re-
duces to
h¯µν = −16piGτµν , (16)
where  ≡ ηµν∂µ∂ν is the flat-space d’Alembertian, and
τµν = Tµν+ t¯µν is the total energy-momentum tensor and
satisfies the conservation law ∂ντ
µν = 0 because of the
Bianchi identity. t¯µν is the common energy-momentum
tensor of the scalar and tensor fields, and can be derived
by collecting the quadratic and higher-order terms of the
perturbations hµν and ϕ and neglecting the terms involv-
ing Vn which correspond to the effects of dark energy.
The dark energy effects on GWs from isolated systems
were studied by Ashtekar and collaborators [58]. If con-
sidering only the quadratic terms, t¯µν can be decomposed
as t¯µν = Tϕµν + tµν (i.e., hµν and ϕ are decoupled). The
quantity
Tϕµν = ∂µϕ∂νϕ− 1
2
(∂ϕ)2ηµν (17)
is the energy-momentum tensor of the scalar field (or
scalar GWs) in the weak-field limit. The quantity tµν
is the stress-energy tensor of gravitational field up to
quadratic order in hµν , defined as in GR [49]. Performing
the transverse-traceless (TT) gauge on tµν , we derive the
energy-momentum tensor of the tensor GWs,
tTTµν =
1
32piG
∂µh
TT
ij ∂νh
ij
TT , (18)
where hTTij is the TT part of hij . This result can also
be obtained from the Pauli-Fierz action [49] by using the
Noether’s theorem.
In the weak-field limit, using the Lorentz gauge con-
dition ∂µh¯µν = 0, the scalar field equation (8) reduces
to (
−m2s
)
ϕ = −16piGS , (19)
with the distributional source term
S =− 1
16piG
(
−∂T
∂ϕ
+ hµν∂µ∂νϕ+ 3V3ϕ
2
)
+O (h3, h2ϕ, hϕ2, ϕ3) , (20)
where ms is the effective mass of the scalar field in a
homogeneous background, defined by (2)
m2s ≡
d2Veff
dφ2
∣∣∣∣
φVEV
= 2(V2 + ρbA2) , (21)
which is a positive and monotonically increasing function
of the background matter density ρb. By considering a
plane wave ϕ ∼ eikλxλ and substituting this into ( −
m2s)ϕ = 0, we obtain the relativistic dispersion relation
for the scalar mode,
ω2 = k2 +m2s , (22)
where kλ = (ω,k), and ω and k are the frequency and
wave vector of the scalar GWs. From this we can further
obtain
vsg (ω) =
√
1−m2s/ω2 ,
vsp(ω) =
1√
1−m2s/ω2
,
(23)
which are respectively the group and phase speeds of the
massive scalar mode, and satisfy the relation vsgvsp = 1.
This result implies that the scalar mode in SMG can be
excited only if the frequency (energy) of scalar mode is
greater than its mass.
III. POST-NEWTONIAN SOLUTION AND EIH
EQUATIONS OF MOTION
In general, in any theory of gravity (including GR),
GWs emission depends not only on the dissipative sector
of the theory but also on the conservative sector of the
theory, and both sectors in alternative theories of gravity
are modified relative to GR. In order to understand the
dissipative effects, we should first consider the conserva-
tive sector of the theory, and investigate the conservative
orbital dynamics for compact binary systems in this sec-
tion.
6A. PN scalar solution and sensitivity
Now, let us derive the static solution of the scalar field
equation (19) within the PN approximation [3, 4]. Using
the relations (5) and (14), in the near zone the source
term S (20) turns into the PN expression,
S =− 1
16piG
{
φ−1VEV
∑
a
samaδ
3
(
r− ra(t)
)[
1− 1
2
v2a
− 1
2
(2)
hkk +
s′a
sa
φ−1VEV
(2)
ϕ
]
+
(2)
hij∂i∂j
(2)
ϕ+ 3V3
(2)
ϕ 2
}
+O(v6) .
(24)
This expression (24) up to leading PN order (i.e., New-
tonian order), from Eq. (19) we obtain the field equation
in the near zone,(∇2 −m2s) (2)ϕ = φ−1VEV∑
a
samaδ
3
(
r− ra(t)
)
, (25)
and the solution is
(2)
ϕ = −2 M
2
Pl
φVEV
∑
a
Gmasa
ra
e−msra , (26)
where ra = |r− ra(t)| . Note that, this solution is based
on the definition of ma(φ) in Eq. (3) and the related
sensitivity of sa in Eq. (14).
In addition, based on the action in Eq. (1), the scalar
solution was also derived by using the method of match-
ing the internal and external solutions in Ref. [43], which
is briefly reviewed in Appendix A. In this approach, we
obtain the solution of scalar field as follows,
ϕ =
∑
a
ϕa = −MPl
∑
a
Gmaa
ra
e−msra +O(v4) , (27)
with the a-th object’s screened parameter (or scalar
charge)
a ≡ φVEV − φa
MPlΦa
, (28)
where Φa = Gma/Ra is the surface gravitational po-
tential of the a-th object, and φa is the position of the
minimum of Veff inside the a-th object.
Comparing the above two solutions (26) with (27),
we obtain the useful relation between sensitivity and
screened parameter,
sa =
φVEV
2MPl
a . (29)
That is to say, the sensitivity sa is equivalent to the
screened parameter (or scalar charge) a in SMG the-
ories. From Eq. (28) and Eq. (29) we can observe that
the sensitivity of the object is inversely proportional to its
surface gravitational potential. Therefore, in SMG theo-
ries, for the compact objects (such as white dwarfs and
neutron stars), the sensitivity effect is very weak (screen-
ing mechanism is very strong), and thus the deviations
from GR become small and weak. This is completely dif-
ferent from most alternative theories of gravity without
screening mechanisms, which generally predict the large
non-GR effects for compact objects. Since in these theo-
ries, the sensitivities of the object usually increase as its
surface gravitational potential increases [45].
B. PN metric solution
We solve the tensor field equations (7) within the PN
approximation [3, 4] in the near zone, where we can ne-
glect the bare potential V (φ) corresponding to the dark
energy. The detailed derivations are given in Appendix
B, and the results are listed below,
g00 =− 1 + 2
∑
a
Gma
ra
− 2
(∑
a
Gma
ra
)2
+ 3
∑
a
Gmav
2
a
ra
− 2
∑
a
∑
b 6=a
G2mamb
rarab
(
1 +
1
2
abe
−msrab
)
+O(v6) ,
(30a)
g0j =− 7
2
∑
a
Gmav
j
a
ra
− 1
2
∑
a
Gma
r3a
(ra ·va)(rj−rja)+O(v5) ,
(30b)
gij =δij
(
1 + 2
∑
a
Gma
ra
)
+O(v4) , (30c)
where ma is the inertial mass of the a-th object, a is
its screened parameter, va is its velocity, ms is the ef-
fective mass of the scalar, ra = |r− ra(t)|, and rab =
|ra(t)− rb(t)| . Obviously, the above results can reduce
to the GR case in the limit where every object’s screened
parameter a → 0 .
Substituting these PN solutions (27) and (30) into the
source term S (24), and using Eq. (25), we obtain the
PN expression of the source term S in the near zone,
S =− MPl
4
∑
a
amaδ
3
(
r− ra(t)
)[
1− 1
2
v2a −
∑
b 6=a
Gmb
rb
− s
′
a
sa
MPl
φVEV
×
∑
b 6=a
Gmbb
rb
e−msrb +O(v4)
]
,
(31)
where we have neglected the terms involving Vn which
correspond to the effects of dark energy, since these ef-
fects are very weak in the near zone.
C. Violation of the WEP and
7EIH equations of motion
The weak equivalence principle (WEP) is defined as
the universality of free fall for bodies. We know that
the WEP is satisfied in GR where the sensitivities are
absent. However, the WEP generally does not hold in
alternative theories of gravity where the sensitivities are
not zero in general. This is because that the sensitivities
characterize how the properties (e.g. mass) of a compact
object change with its motion relative to the additional
field of the theory. Therefore, different bodies respond
differently to motion relative to the ambient field, and
thus move along different trajectories. Thus, the WEP
is violated in the theories [59]. In other words, the viola-
tion of the WEP is due to the additional field force (fifth
force), which depends on the properties (besides mass,
e.g. self-gravitational binding energy) of the object.
In SMG, the first sensitivity is equivalent to the
screened parameter, which affects both the conservative
and dissipative sectors of theory. For the former one, the
screened parameter modifies the conservative orbital dy-
namics of compact systems, which can be derived from
the matter action (3) by using the method of Einstein,
Infeld and Hoffmann (EIH) [48]. Using the expansion of
ma(φ) in (14) and the PN expressions of the scalar and
tensor fields in (27) and (30), from the matter action (3)
we obtain the EIH Lagrangian up to Newtonian order,
LEIH = −
∑
a
ma(φ)
dτa
dt
= −
∑
a
ma
(
1− 1
2
v2a
)
+
1
2
∑
a
∑
b6=a
Gabmamb
rab
+O(v4),
(32)
with the effective gravitational ‘constant’
Gab ≡ G
(
1 +
1
2
abe
−msrab
)
. (33)
Note that, this result is manifestly symmetric under in-
terchange of all pairs of particles.
Substituting the EIH Lagrangian into the Euler-
Lagrange equation yields the n-body equations of motion
up to Newtonian order,
aa = −
∑
b6=a
Gabmb
r2ab
rˆab , (34)
with
Gab ≡ G
[
1 +
1
2
ab(1 +msrab)e
−msrab
]
, (35)
where aa ≡ d2ra/dt2 is the acceleration of the a-th ob-
ject, rˆab is the unit direction vector from the b-th object
to the a-th object, and rab = |ra(t)− rb(t)| . Note that,
the Yukawa-like terms involving the screened parame-
ters violate the WEP and the gravitational inverse-square
law. In the near zone, the separation rab is always much
less than the Compton wavelength m−1s (which roughly
is cosmological scales), i.e., msrab  1 is satisfied. Using
this relation, both the expressions (33) and (35) reduce
to
Gab = Gab = G
(
1 +
1
2
ab
)
. (36)
Note that, this result satisfies the inverse-square law but
still violates the WEP, since the screened parameters (or
scalar charges) of different bodies are different.
Now let us consider a binary system of compact ob-
jects. The most well-known dissipative effect is the or-
bital period decay due to the emission of gravitational
radiation. In fact, it was the monitoring of the orbital
period that led to the first indirect detection of GWs by
Hulse and Taylor [11]. Because the orbital motion sat-
isfies the inverse-square law in Eq. (34) and (36), the
orbital period decay rate P˙ can be written as
P˙
P
= −3
2
E˙
E
, (37)
where the orbital period P satisfies the Kepler’s third law
(2pi/P )2a3 = Gm, (38)
and
E = −Gmµ
2a
(39)
is the orbital binding energy of the system. Here,
G ≡ G12 = G
(
1 +
1
2
12
)
(40)
is the effective gravitational coupling constant between
two compact objects (labeled by 1 and 2), a is the semi-
major axis, and m ≡ m1 + m2, µ ≡ m1m2/m are the
total and reduced masses of the system. Note that, the
inverse-square law guarantees that these relations (37),
(38) and (39) hold in SMG theories. From the relation
in Eq. (37), we find that the orbital decay of the binary
system is directly determined by the energy loss of the
system, which will be addressed in the next section.
IV. GRAVITATIONAL RADIATION FROM
COMPACT BINARIES
In GR, we know that the leading order energy flux is
quadrupole radiation flux. However, besides quadrupole
radiation, a general scalar-tensor theory also predicts
monopole and dipole radiations [44, 60]. In this sec-
tion, we focus on the dissipative effects of SMG, calculate
the rate of the energy loss due to the emission of tensor
and scalar gravitational radiations (including monopole,
dipole, quadrupole, and dipole-octupole radiations), and
derive their contributions to the change in the orbital
period.
8A. Tensor and scalar energy fluxes
The energy flux of GWs is defined as the energy of
GWs flow per unit time at a large distance from the
source. Since the total energy of the system is a con-
served quantity, the rate of change of the orbital binding
energy E˙ is equal to minus the total energy flux F carried
away from compact binary system by GWs, i.e.,
E˙ = −F . (41)
In GR, the energy flux is only due to the propagation
of tensor mode, but in a general scalar-tensor theory,
gravitational radiation comes from both scalar and tensor
modes. In addition, in gravity theories with vector fields
like TeVeS theory [61, 62] and Einstein-æther theory [63,
64], vector modes also exist. The energy flux carried by
all propagating degrees of freedom can be derived directly
from the Lagrangian of the theory by investigating the
Noether charges and currents in the theory. Here, we
will derive the formulae to calculate the tensor and scalar
energy fluxes in the general SMG.
In the wave zone (far zone), because of the absence of
matter energy-momentum tensor Tµν , we have the con-
servation law ∂ν
(
tµνTT + T
µν
ϕ
)
= 0 . Since hµν and ϕ are
decoupled, the energy-momentum tensors (i.e., Noether
currents) of the tensor and scalar GWs are respectively
conserved, i.e., ∂νt
µν
TT = 0 and ∂νT
µν
ϕ = 0 . Thus, we can
investigate them separately.
According to the conservation law ∂νt
µν
TT = 0, from
the energy-momentum tensor of the tensor GWs (18),
we obtain the tensor energy flux
Fg = r2
∫
dΩ
〈
t0rTT
〉
= − r
2
32piG
∫
dΩ
〈
∂0h
TT
ij ∂rh
TT
ij
〉
,
(42)
where the angular brackets represent a time average over
a period of the system’s motion, hTTij is the TT part of
hij , and Ω is the solid angle. The massless tensor mode
propagates with the speed of light, and hTTij (t, r) takes
the form (1/r)fij(t− r), so we have ∂rhTTij = −∂0hTTij +
O(1/r2) at large distances. Using this, the tensor energy
flux (42) can be further simplified to
Fg = r
2
32piG
∫
dΩ
〈
∂0h
TT
ij ∂0h
TT
ij
〉
. (43)
This expression is exactly the same as that in GR.
The scalar energy flux can be derived from the energy-
momentum tensor of the scalar GWs (17) by using the
conservation law ∂νT
µν
ϕ = 0,
Fφ = r2
∫
dΩ
〈
T 0rϕ
〉
= −r2
∫
dΩ 〈∂0ϕ∂rϕ〉 .
(44)
Unlike Eq. (42), this expression (44) cannot be further
simplified, since the speed of propagation of the massive
scalar mode changes with its frequency (see Eq. (23)).
B. Tensor radiation
By using a retarded Green’s function, performing the
time integral, we obtain the formal solution of the lin-
earized tensor wave equation (16),
h¯µν(t, r) = 4G
∫
N
d3r′
τµν(t−|r−r′|, r′)
|r−r′| . (45)
Here, the spatial (source point r′) integration region N
is over the near zone, the field point r is in the wave zone
(far zone), such that |r′|  |r|. Considering this condi-
tion and making the slow-motion approximation, we can
expand the integrand in powers of (n · r′) as follows,
h¯µν(t, r) =
4G
r
∞∑
`=0
1
`!
∂`
∂t`
∫
N
τµν(t−r, r′)(n · r′)`d3r′ ,
(46)
where n = r/r is the unit vector in the r direction. Be-
cause of the conservation law ∂ντ
µν = 0, the spatial com-
ponents h¯ij up to leading order (` = 0), can be rewritten
as
h¯ij(t, r) =
4G
r
∫
τ ij(t− r, r′)d3r′
=
2G
r
∂2
∂t2
∫
τ00(t−r, r′) r′ir′jd3r′ ,
(47)
which only involves the quadrupole moment of τ00, like
in GR, there is neither monopole nor dipole radiations
in tensor gravitational radiation. This emerges as a con-
sequence of the fact that the tensor graviton is a mass-
less spin-2 particle [49]. The quantity τ00 is the total
energy density of both matter and (scalar and tensor)
fields. Note that at the leading PN order, the fields en-
ergy density is negligible, so from Eq. (4) we obtain the
expression of τ00 as follows,
τ00(t, r) =
∑
a
maδ
3(r− ra(t)) . (48)
Substituting this into Eq. (47) yields
h¯ij(t, r) =
2G
r
d2
dt2
M ij
∣∣∣∣
ret
, (49)
with the mass quadrupole moment
M ij(t) =
∑
a
mar
i
a(t)r
j
a(t) , (50)
where the subscript ‘ret’ means that the quantity M ij is
evaluated at the retarded time t− r . The TT part of hij
9is hijTT = Λij,klh
kl = Λij,klh¯
kl
, where the projector Λij,kl
is the Lambda tensor as defined in [49]. Using Eqs. (49)
and (50), from Eq. (43) we obtain the tensor quadrupole
flux
FQg =
G
5
〈
...
Mkl
...
Mkl − 1
3
( ...
Mkk
)2〉
, (51)
where we have performed the integral over the solid an-
gle. The overdots denote derivatives with respect to co-
ordinate time, and the angular brackets represent a time
average over an orbital period. At leading PN order, the
tensor quadrupole flux (51) in SMG behaves as in GR.
Now let us consider a compact binary (labeled by 1
and 2) with quasi-circular orbit, which is parameterized
in the center of mass frame by
x1(t) = −R1 cos(ωt), y1(t) = −R1 sin(ωt), z1 = 0,
x2(t) = R2 cos(ωt), y2(t) = R2 sin(ωt), z2 = 0,
(52)
where ω is the orbital frequency, and R1 and R2 are the
orbital radiuses of the two components of the binary sys-
tem. Substituting these into Eq. (50), using the Kepler’s
third law (38), from Eq. (51) we obtain
FQg =
32Gµ2(Gm)3
5R5
, (53)
where R = R1 + R2 is the separation between the two
components of the system, and G = G (1 + 1212) is the
effective gravitational coupling constant between the two
components.
C. Scalar radiation
Now, let us turn to the dissipative effects of the scalar
sector of SMG, and show that there are monopole, dipole,
and dipole-octupole radiations in the scalar sector, be-
sides quadrupole radiation.
The massive scalar wave equation (19) can be solved
by using Green’s function method,(
−m2s
)
G(x, x′) = −4piδ4(x− x′) , (54)
and the formal solution of Eq. (19) is
ϕ(x) = 4G
∫
d4x′S(x′)G(x, x′) . (55)
The Green’s function in Eq. (54) is given by [65, 66]
G(x, x′) =
δ(t−t′−|r−r′|)
|r−r′| −Θ(t−t
′−|r−r′|)
× msJ1
(
ms
√
(t−t′)2−|r−r′|2)√
(t−t′)2−|r−r′|2 ,
(56)
where δ is the Dirac delta-function, Θ is the Heaviside
function, and J1 is the Bessel function of the first kind.
Substituting this into (55) and performing the time t′
integral, we obtain the formal solution
ϕ(t, r) = 4G
∫ ∞
0
dzJ1(z)
∫
N
d3r′
{
S
(
t−|r−r′|, r′)
|r−r′|
− S
(
t−√|r−r′|2+(z/ms)2, r′)√|r−r′|2+(z/ms)2
}
,
(57)
where we have used the identity
∫∞
0
J1(z)dz = 1 and
made the substitution z = ms
√
(t− t′)2 − |r− r′|2 .
Here, the spatial (source point r′) integration region N
is over the near zone, the field point r is in the wave zone
(far zone), such that |r′|  |r|, and considering the slow-
motion approximation, the integrand in Eq. (57) can be
expanded in Taylor’s series of (n · r′),
ϕ(t, r) =
4G
r
∫ ∞
0
dzJ1(z)
∞∑
`=0
1
`!
∂`
∂t`
∫
N
d3r′(n · r′)`
×
{
S
(
t−r, r′)− S(t−ru(r, z), r′)
u`+1(r, z)
}
,
(58)
with
u(r, z) ≡
√
1 +
( z
msr
)2
, (59)
where n = r/r is the unit vector in the r direction.
Substituting the source term S (31) into this formal
solution (58) and performing the spatial r′ integral, and
we have
ϕ(t, r) =−MPlG
r
∫ ∞
0
dzJ1(z)
∞∑
`=0
1
`!
nL∂
`
tML` , (60)
with the scalar multipole moments
ML` ≡Mi1i2···i`` (t, r, z)
=
∑
a
a
[
Ma(t−r) · rLa (t−r)− u−(`+1)(r, z)
×Ma(t−ru(r, z)) · rLa (t−ru(r, z))
]
,
(61)
and the mass
Ma(t) ≡ma
[
1− 1
2
v2a(t)−
∑
b 6=a
Gmb
rab(t)
− s
′
a
sa
MPl
φVEV
∑
b 6=a
Gmbb
rab(t)
e−msrab(t)
]
,
(62)
where the quantities nL and r
L
a (t) are defined by
nL≡ ni1ni2 · · ·ni` , rLa (t) ≡ ri1a (t)ri2a (t)· · ·ri`a (t) . (63)
Taking the spatial gradient of the scalar field (60) and
neglecting the higher order terms O(1/r2), we obtain
∂rϕ(t, r) =MPl
G
r
∫ ∞
0
dzJ1(z)
∞∑
`=0
1
`!
nL∂
`+1
t ML`+1 , (64)
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where we again define a new scalar multipole moments
ML`+1 ≡Mi1i2···i``+1 (t, r, z)
=
∑
a
a
[
Ma(t−r) · rLa (t−r)− u−(`+2)(r, z)
×Ma(t−ru(r, z)) · rLa (t−ru(r, z))
]
.
(65)
From Eqs. (61) and (65) we find that all scalar multipole
moments are suppressed by the screened parameters of
the objects, since the scalar gravitational charge is the
screened parameter.
Substituting Eqs. (60) and (64) into Eq. (44) and
performing the integral over the solid angle, we obtain
the scalar energy flux
Fφ =G
2
∫∫
dz1dz2J1(z1)J1(z2)
〈
M˙0M˙1
+
1
6
(
2M¨k1M¨k2 + M˙0
...Mkk3 + M˙1
...Mkk2
)
+
1
60
(
2
...Mkl2
...Mkl3 +
...Mkk2
...Mll3
)
+
1
30
(
M¨k1
....Mkll4 + M¨k2
....Mkll3
)〉
,
(66)
where the angular brackets represent a time average over
a period of the system’s motion, the overdots denote
derivatives with respect to coordinate time, and we have
used the identity [49]∫
dΩ
4pi
ni1ni2 · · ·nik =
 0 for k = oddδi1i2δi3i4 ···δik−1ik+···
(k+ 1)!! for k = even
,
(67)
where the final dots denote all possible pairing of indices.
Now let us specialize our calculations to a compact bi-
nary with quasi-circular orbit parameterized in the center
of mass frame by Eq. (52). Substituting Eq. (52) into
the scalar multipole moments (61) and (65), we obtain
the time derivatives of monopole, dipole, quadrupole, and
octupole moments as follows:
1. Monopole:
M˙0 = M˙1 = 0 . (68)
2. Dipole:
M¨k1 =−
(
Ed − Gµ
2R
E¯d
)
µω2R
×
[
cos(ω(t−r))− u−2cos(ω(t−ru)),
sin(ω(t−r))− u−2 sin(ω(t−ru)), 0
]
,
(69a)
M¨k2 =−
(
Ed − Gµ
2R
E¯d
)
µω2R
×
[
cos(ω(t−r))− u−3cos(ω(t−ru)),
sin(ω(t−r))− u−3 sin(ω(t−ru)), 0
]
.
(69b)
3. Quadrupole:
...Mkl2 =
 ...M112 ...M122 0...M122 − ...M112 0
0 0 0
, ...Mkl3 =
 ...M113 ...M123 0...M123 − ...M113 0
0 0 0
,
(70)
with the components
...M112 =4Eqµω3R2
[
sin(2ω(t−r))− u−3sin(2ω(t−ru))
]
,
(71a)
...M122 =−4Eqµω3R2
[
cos(2ω(t−r))− u−3cos(2ω(t−ru))
]
,
(71b)
...M113 =4Eqµω3R2
[
sin(2ω(t−r))− u−4sin(2ω(t−ru))
]
,
(71c)
...M123 =−4Eqµω3R2
[
cos(2ω(t−r))− u−4cos(2ω(t−ru))
]
.
(71d)
4. Octupole:
....M1kk3 =Eoµω4R3[cos(ω(t− r))− u−4 cos(ω(t− ru))] ,
(72a)
....M2kk3 =Eoµω4R3[sin(ω(t− r))− u−4 sin(ω(t− ru))] ,
(72b)
....M1kk4 =Eoµω4R3[cos(ω(t− r))− u−5 cos(ω(t− ru))] ,
(72c)
....M2kk4 =Eoµω4R3[sin(ω(t− r))− u−5 sin(ω(t− ru))] ,
(72d)
where the dummy indices just indicate summation. Here,
ω is the orbital frequency, µ is the reduced mass of the
system, R is the separation between the two components
of the system, u =
√
1 + z2/(msr)2, and we have defined
Ed ≡ 2 − 1 , (73a)
E¯d ≡ 2(2 − 1) + 3
(
2m1
m2
− 1m2
m1
)
, (73b)
Eq ≡ 2m1 + 1m2
m1 +m2
, (73c)
Eo ≡ 2m
2
1 − 1m22
(m1 +m2)2
, (73d)
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where the subscripts d, q, and o denote dipole,
quadrupole, and octupole, respectively. Note that, from
Eq. (68) we can observe that there is no monopole radi-
ation contribution to leading order in the quasi-circular
orbit case.
Using the above results, the scalar energy flux (66) can
be further simplified to
Fφ = FDφ + FQφ + FDOφ , (74)
with the scalar dipole flux
FDφ =
G
6
∫∫
dz1dz2J1(z1)J1(z2)M¨k1(z1)M¨k2(z2)
=
G(Gmµ)2
6R4
(
E2d −
Gµ
R
EdE¯d
){
1
− cos(ωr)〈cos(ωru)〉2 − sin(ωr)〈sin(ωru)〉2
− (cos(ωr)− 〈cos(ωru)〉2) 〈cos(ωru)〉3
− (sin(ωr)− 〈sin(ωru)〉2) 〈sin(ωru)〉3
}
,
(75a)
the scalar quadrupole flux
FQφ =
G
60
∫∫
dz1dz2J1(z1)J1(z2)
...Mkl2 (z1)
...Mkl3 (z2)
=
8Gµ2(Gm)3
15R5
E2q
{
1− cos(2ωr)〈cos(2ωru)〉3
− sin(2ωr)〈sin(2ωru)〉3
− (cos(2ωr)− 〈cos(2ωru)〉3) 〈cos(2ωru)〉4
− (sin(2ωr)− 〈sin(2ωru)〉3) 〈sin(2ωru)〉4
}
,
(75b)
and the scalar dipole-octupole flux
FDOφ =
G
60
∫∫
dz1dz2J1(z1)J1(z2)
[
M¨k1(z1)
....Mkll4 (z2) + M¨k2(z1)
....Mkll3 (z2)
]
=− Gµ
2(Gm)3
60R5
EdEo
{
2− cos(ωr)
(
〈cos(ωru)〉2 + 〈cos(ωru)〉3 + 〈cos(ωru)〉4 + 〈cos(ωru)〉5
)
− sin(ωr)
(
〈sin(ωru)〉2 + 〈sin(ωru)〉3 + 〈sin(ωru)〉4 + 〈sin(ωru)〉5
)
+ 〈cos(ωru)〉2〈cos(ωru)〉5
+ 〈cos(ωru)〉3〈cos(ωru)〉4 + 〈sin(ωru)〉2〈sin(ωru)〉5 + 〈sin(ωru)〉3〈sin(ωru)〉4
}
,
(75c)
where we have used the Kepler’s third law (38), and the
angular brackets with subscript ‘n’ represent the integrals
as follows:
〈
cos(ωru)
〉
n
≡
∫ ∞
0
cos
(
ωr
√
1+
( z
msr
)2) J1(z)dz(
1+( zmsr )
2
)n
2
,
(76a)
〈
sin(ωru)
〉
n
≡
∫ ∞
0
sin
(
ωr
√
1+
( z
msr
)2) J1(z)dz(
1+( zmsr )
2
)n
2
.
(76b)
In order to obtain the total power of scalar radiation we
must perform these integrals in the limit r → ∞. The
detailed calculations for these integrals were discussed in
Ref. [46]. We briefly summarize these calculations in
Appendix C, and the results are listed as follows:
lim
r→∞
〈
cos(ωru)
〉
n
=cos(ωr)− v
n−1
sg (ω) cos(ωrvsg(ω)) for ω > ms
cos(ωr)− (−1)n−1+12 vn−1sg (ω)e−iωrvsg(ω) for ω < ms
,
(77a)
lim
r→∞
〈
sin(ωru)
〉
n
=sin(ωr)− v
n−1
sg (ω) sin(ωrvsg(ω)) for ω > ms
sin(ωr)− (−1)n−1−12 vn−1sg (ω)e−iωrvsg(ω) for ω < ms
,
(77b)
where vsg(ω) =
√
1−m2s/ω2 is the propagation (group)
speed of the massive scalar mode (see Eq. (23)).
Performing these integrals in Eqs. (75), we obtain the
12
scalar dipole flux
FDφ =
G(Gmµ)2
6R4
(
E2d −
Gµ
R
EdE¯d
)
v3sg (ω)Θ(ω −ms) ,
(78a)
the scalar quadrupole flux
FQφ =
8Gµ2(Gm)3
15R5
E2q v5sg (2ω)Θ(2ω −ms) , (78b)
and the scalar dipole-octupole flux
FDOφ =−
Gµ2(Gm)3
30R5
EdEov5sg (ω)Θ(ω −ms) , (78c)
where Θ is the Heaviside function. Since the screened
parameter of the object usually decreases as its mass
(or surface gravitational potential) increases, the second
term in Eq. (78a) and the dipole-octupole cross term in
Eq. (78c) are the negative modifications to the energy
flux at the same PN order as the quadrupole radiation
contribution. By comparing Eq. (78a) to Eqs. (78b) and
(78c), we then find that the frequency of the quadrupole
scalar wave is twice the frequency of the dipole (or dipole-
octupole) scalar wave, which is equal to the orbital fre-
quency in the quasi-circular orbit case. By summing the
tensor and scalar energy fluxes (53) and (78), we obtain
the total energy fluxes
F =FQg + FQφ + FDφ + FDOφ
=
32Gµ2(Gm)3
5R5
[
1 +
1
12
E2q v5sg (2ω)Θ(2ω −ms)
− 1
192
EdEov5sg (ω)Θ(ω −ms)
+
5
192
(
R
Gm
Ed − µ
m
E¯d
)
Edv3sg (ω)Θ(ω −ms)
]
.
(79)
Using this and the relations (39) and (41), from Eq.
(37) we finally obtain the orbital period decay rate due
to the emission of tensor and scalar GWs,
P˙
P
=− 96Gµ(Gm)
2
5R4
[
1 +
1
12
E2q v5sg (2ω)Θ(2ω −ms)
− 1
192
EdEov5sg (ω)Θ(ω −ms)
+
5
192
(
R
Gm
Ed − µ
m
E¯d
)
Edv3sg (ω)Θ(ω −ms)
]
.
(80)
These results show that in SMG the scalar GWs can
be emitted (i.e., scalar mode is excited) if and only if
the frequency (energy) of scalar mode is greater than
its mass. We know that the Compton wavelength m−1s
is roughly cosmological scales (if m−1s ∼ 1Mpc, then
ms ∼ 10−14Hz), and the orbital frequency ω for com-
pact binaries with a 1-hour orbital period is of the order
of 10−3Hz, so ms  ω for compact binaries. In this case,
the expression (80) for the fractional period derivative
can be further simplified to
P˙
P
=− 96Gµ(Gm)
2
5R4
[
1 +
1
12
E2q −
1
192
EdEo
+
5
192
(
R
Gm
Ed − µ
m
E¯d
)
Ed
]
.
(81)
Using the Kepler’s third law (38), this expression (81)
can be rewritten as
P˙ = −192pi
5
(
2piGm
P
)5/3( µ
m
)
A , (82)
and we have defined
A = 1 + 1
3
12 +
1
12
E2q −
1
192
EdEo − 5
192
µ
m
EdE¯d
+
5
192
( P
2piGm
)2/3
E2d .
(83)
In Eq. (83), the first and second terms represent the con-
tribution of the tensor quadrupole radiation, the third
term corresponds to the scalar quadrupole radiation,
the fourth term is the contribution of the scalar dipole-
octupole cross term, and the last two terms represent the
scalar dipole radiation. Because of Gm/P = O(10−9)
for a typical NS binary with a 1-hour orbital period, the
scalar dipole radiation dominates the orbital decay rate,
unless 2 − 1 ' 0 . In the limiting case (1 and 2 → 0),
the expression (82) reduces to the GR result (A = 1).
V. EXPERIMENTAL TESTS IN THE BINARY
PULSAR
In this section, we discuss how to place constraints on
SMG with the orbital decay rate observations of com-
pact binaries. In particular, as an application of our
results, we will focus on three specific models of SMG
(chameleon, symmetron, and dilaton), and derive the
constraints on the model parameters, respectively.
A. Pulsar Constraints
Up to now, all observations of compact binary sys-
tems agree with the GR prediction within observational
uncertainties [5–8, 52, 53]. Therefore, in order to place
constraints on these gravity theories by using the obser-
vations of compact binary systems, the non-GR effects of
the theories should be smaller than observational uncer-
tainties.
As mentioned in the previous section, in SMG the
scalar dipole radiation dominates the orbital decay rate,
unless 2 − 1 ' 0. Due to the large difference of the
screened parameters in the neutron star-white dwarf (NS-
WD) binary systems, these systems are the best target
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to constrain the model parameters in SMG. Now, let us
consider a NS-WD binary system with quasi-circular or-
bit. The screened parameter is inversely proportional to
the surface gravitational potential (see Eq. (28)), i.e.,
WD/NS ' ΦNS/ΦWD ∼ 104 . Therefore, the difference
in the screened parameters is approximately equal to the
WD screened parameter, i.e., Ed = WD − NS ' WD .
Using these, the expression (83) can be simplified to
A = 1 + 5
192
( P
2piGm
)2/3
2WD . (84)
We can also write the observed value Aobs as
Aobs = P˙
obs
P˙GR
= 1 + δ ± σ , (85)
where δ is the fractional deviation of the observed value
from the GR prediction, and σ is the observational un-
certainty. Comparing Eq. (85) with Eq. (84), we obtain
the constraint∣∣∣∣ 5192( P2piGm)2/32WD − δ
∣∣∣∣ ≤ 2σ (86)
at 95% confidence level (CL). This constraint relation can
be further simplified to
WD ≤ (δ + 2σ)1/2
(m
P
)1/3
× 1.269× 10−2 (87)
at 95% CL, where the total mass m is expressed in
units of solar masses, and the orbital period P is ex-
pressed in units of hours. For the general SMG, includ-
ing chameleon, symmetron, and dilaton theories, φmin(ρ)
(in Eq.(2)) is generally inversely correlated to the matter
density ρ of the local environment of the scalar field. The
background matter density is always much less than the
WD density, i.e., ρb  ρWD, so we have φVEV  φWD
[43]. Using this and substituting the relation (28) into
the constraint (87), we obtain
φVEV
MPl
≤ (δ + 2σ)1/2
(m
P
)1/3 mWD
RWD
× 2.694× 10−8
(88)
at 95% CL, where the mass mWD and radius RWD of
the WD are expressed in units of solar masses and solar
radii, respectively.
In this paper, we use the observation data of the bi-
nary system PSR J1738+0333 which is a 5.85-ms pulsar
in a 8.51-hour quasi-circular orbit with a low-mass WD
companion [53, 67]. The orbital parameters for this sys-
tem are listed in Table I, which are taken directly from
[53]. Using these observed values of the orbital param-
eters, from the constraints (87) and (88) we obtain an
upper bound on the WD screened parameter
WD ≤ 3.2× 10−3 (89)
TABLE I: Parameters relevant to the binary system PSR
J1738+0333 [53].
Eccentricity, e (3.4± 1.1)× 10−7
Period, P (day) 0.3547907398724(13)
Period derivative, P˙ obs (−25.9± 3.2)× 10−15
P˙ obs/P˙GR 0.93± 0.13
Total Mass, m (M) 1.65+0.07−0.06
WD Mass, mWD (M) 0.181+0.008−0.007
White dwarf radius, RWD (R) 0.037+0.004−0.003
at 95% CL, and an upper bound on the scalar field VEV
φVEV
MPl
≤ 3.3× 10−8 (90)
at 95% CL. In the following subsections, we shall ap-
ply them to three specific models of SMG (chameleon,
symmetron, and dilaton), and derive the constraints on
the model parameters by the pulsar observations. For
comparison, we will also present the constraints on these
three models by the observations in solar system [68].
B. Chameleon
The chameleon model was introduced as a screen-
ing mechanism by Khoury and Weltman [32–34]. The
chameleon mechanism operates a thin-shell shielding
scalar field, which acquires a large mass in dense environ-
ments and suppresses its ability to mediate a fifth force.
The original chameleon is ruled out by the combined con-
straints of the solar system and cosmology [43, 69]. Here,
we consider the exponential chameleon, which is charac-
terized by an exponential potential and an exponential
coupling function [70],
V (φ) = Λ4 exp
(Λα
φα
)
, (91a)
A(φ) = exp
( βφ
MPl
)
, (91b)
where β is a positive dimensionless coupling constant, α
is a positive dimensionless constant index, and Λ labels
the energy scale of the theory and today is close to the
dark energy scale (Λ = 2.24× 10−3 eV) [43, 71].
Substituting chameleon potential and coupling func-
tion (91) into Eq. (11), from Eq. (2) we have the
chameleon VEV and mass,
φVEV =
(
αMPlΛ
4+α
βρb
) 1
α+1
, (92a)
m2s =
(α+ 1)βρb
MPlφVEV
+
β2ρb
M2Pl
. (92b)
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FIG. 1: In the parameter space of exponential chameleon
model, the shadow region is allowed by the tests of Cassini
experiment, while the yellow region is allowed by the observa-
tions of PSR J1738+0333 . The combined constraints of the
two experiments require α ≥ 0.2 .
Here, ρb is the background matter density, and ρb =
ρgal ' 10−42 GeV4 which roughly corresponds to the
galactic matter density. Using the pulsar constraint (90),
from Eq. (92a) we derive the following relation between
α and β,
log β ≥ logα− 22.6α+ 2.88 , (93)
which is illustrated in Fig. 1 by the yellow region. In
addition, for the chameleon model, the PPN parameter
γ = 1 − 2βφVEV/(MPlΦ) (see [43] for detailed deriva-
tions), from the Cassini constraint |γobs − 1| ≤ 2.3×10−5
[68], we present the allowed region in the parameter space
(α, β) in Fig. 1 by the shadow region.
Fig. 1 shows the bound on the model parameters α and
β by considering the galactic background. The yellow re-
gion is allowed by the orbital decay rate observations of
PSR J1738+0333. The shadow region indicates the pa-
rameter space allowed by Cassini experiment in the solar
system. The overlap region allowed by the combined con-
straints of the two experiments gives the stringent bound
α ≥ 0.2 .
Substituting the chameleon VEV (92a) into the
chameleon mass (92b) and imposing the constraint α ≥
0.2 yields the lower bound on chameleon mass ms in Fig.
2 by the green solid line. By combining α ≥ 0.2 and the
pulsar constraint (90) yields the constraint
(α+ 1)MPl
φVEV
≥ 3.6× 107 . (94)
Using this, from Eq. (92b) we obtain the lower bound on
chameleon mass ms in Fig. 2 by the blue dashed line.
Fig. 2 shows the lower bound on chameleon mass ms
as a function of the coupling constant β . The green
solid and blue dashed lines indicate the bounds on ms
from the constraints α ≥ 0.2 and Eq. (94) , respectively.
From Fig. 2 we can see that ms ≥ 10−28.6 eV (m−1s ≤
102.4 kpc) if β ≥ 10−4, and β ≤ 102.7 if m−1s ≥ 1 pc .
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FIG. 2: Lower bound on chameleon mass ms (upper bound
on m−1s ) as a function of the coupling constant β from the
constraints α ≥ 0.2 (green solid line) and Eq. (94) (blue
dashed line) .
C. Symmetron
The symmetron models are characterized by a Z2 sym-
metry breaking potential (a mexican hat potential) and
a quadratic coupling function [35–37],
V (φ) = V0 − 1
2
µ2φ2 +
λ
4
φ4 , (95a)
A(φ) = 1 +
φ2
2M2
, (95b)
where µ and M are mass scales, λ is a positive dimen-
sionless coupling constant, V0 is the vacuum energy of the
bare potential V (φ). In high density regions the Z2 sym-
metry is unbroken and the fifth force is absent, whereas
in low density regions the Z2 symmetry is spontaneously
broken and the fifth force is present.
Substituting symmetron potential and coupling func-
tion (95) into Eq. (11), from Eq. (2) we obtain the re-
lation between the symmetron VEV φVEV and the sym-
metron mass ms,
φVEV =
ms√
2λ
. (96)
Using this, from the pulsar constraint (90) we obtain the
upper bound on symmetron mass ms in the top plot of
Fig. 3 . For the symmetron model, the PPN parameter
γ = 1−2φ2VEV/(M2Φ) (see [43] for detailed derivations),
from the Cassini constraint |γobs − 1| ≤ 2.3 × 10−5 [68]
and the pulsar constraint (90), we obtain the combined
constraints on the parameter space (φVEV, M) . This
result is displayed in the bottom plot of Fig. 3 .
The top panel of Fig. 3 shows the upper bound on
symmetron mass ms as a function of the coupling con-
stant λ of φ4 interaction, which is derived from the orbital
decay rate observations of PSR J1738+0333. From the
top panel we find a relatively weak bound λ ≥ 10−98.5,
if m−1s ≤ 103 kpc . The bottom panel shows the bound
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FIG. 3: Top: Upper bound on symmetron mass ms (lower
bound on m−1s ) as a function of the coupling constant λ from
the observations of PSR J1738+0333 .
Bottom: In the parameter space of symmetron model, the
yellow region is allowed by the tests of Cassini experiment,
while the shadow region is allowed by the observations of PSR
J1738+0333 .
on the parameter space (φVEV, M) . The yellow region
is allowed by the tests of Cassini experiment in the so-
lar system, while the shadow region indicates the pulsar
constraint (90) from the orbital decay rate observations
of PSR J1738+0333.
D. Dilaton
The dilaton model, inspired by string theory in the
large string coupling limit, has an exponentially runaway
potential and a quadratic coupling function [25, 26, 38],
V (φ) = V0 exp
(
− φ
MPl
)
, (97a)
A(φ) = 1 +
(φ− φ?)2
2M2
, (97b)
where V0 is a constant with the dimension of energy den-
sity, M labels the energy scale of the theory, and φ? is
approximately the value of φ today. The dilaton mecha-
nism is similar to the symmetron. The coupling between
dilaton and matter is negligible in dense regions, while in
low density regions the dilaton mediates a gravitational-
strength fifth force.
Substituting dilaton potential and coupling function
(97) into Eq. (11), from Eq. (2) we have the dilaton
VEV and mass,
φVEV = φ? +
M2ρΛ0
MPlρb
, (98a)
m2s =
ρb
M2
+
ρΛ0
M2Pl
. (98b)
Using the pulsar constraint (90), from Eq. (98) we derive
the constraint on model parameters,
M
MPl
≤ 0.036 (99a)
and
ms ≥ 1.1× 10−29 eV (or m−1s ≤ 0.58 Mpc) (99b)
at 95% CL. For the dilaton model, the PPN parame-
ter γ = 1 − 2(φVEV − φ?)2/(M2Φ) (see [43] for detailed
derivations), from the Cassini constraint |γobs − 1| ≤
2.3× 10−5 [68] we have
M
MPl
≤ 0.20 (100a)
and
ms ≥ 2.1× 10−30 eV (or m−1s ≤ 3.1 Mpc) (100b)
at 68% CL. By comparing Eq. (99) with Eq. (100), we
find that the pulsar constraints are more stringent than
the solar system tests.
VI. CONCLUSIONS
The salient feature of SMG is the screening mecha-
nism, which can suppress the fifth force in dense regions
and allow theories to evade the tight gravitational tests in
the solar system and the laboratory. In this paper, we in-
vestigated how the screening mechanisms in SMG affect
the orbital evolution of compact binaries due to the ten-
sor and scalar gravitational radiations, and derived the
constraints on the screening mechanisms by the pulsar
observations. In any theory of gravity, the gravitational
radiation generally depends not only on the dissipative
sector which regulates how fast the system loses energy,
but also on the conservative sector which regulates the
orbital dynamics of the system. In alternative theories
(including SMG), both the sectors are generally modi-
fied by the additional fields controlled by the sensitivities,
which characterize how the gravitational binding energy
of a compact object responds to its motion relative to the
additional fields.
In SMG, we first considered the modifications to the
conservative sector of the theory. By solving the PN
equations for the massless tensor and massive scalar fields
in the near zone, we derived the EIH equations of mo-
tion for a compact binary system. It turned out that
both the WEP and the gravitational inverse-square law
are violated in general. However, in the near zone, the
inverse-square law can be approximately satisfied, which
guarantees that the Kepler’s third law holds. In addition,
by comparing with the two scalar solutions obtained by
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means of different methods, we found that the first sensi-
tivity is completely equivalent to the screened parameter.
In the dissipative sector, we solved the wave equations
for the massless tensor and massive scalar fields in the
wave zone, calculated in detail the rate of the energy
loss due to the emission of tensor and scalar GWs, and
derived their contributions to the change in the orbital
period. The tensor radiation in SMG behaves as in GR
at leading PN order, and there is neither monopole nor
dipole radiations. The emission of scalar radiation starts
at monopole order, but there is no monopole contribution
to leading order in the quasi-circular orbit case. The
scalar dipole radiation depends not only on the difference
in screened parameters but also on the propagation speed
of the massive scalar particle. The dipole-octupole cross
term appearing in the scalar radiation is the negative
modification to the energy flux at the same PN order
as the quadrupole radiation contribution. We focused
mostly on the scalar dipole radiation, which is generally
stronger than quadrupole radiation and leads to a strong
modification to the evolution of the orbital period.
In SMG, all modifications (of the conservative and dis-
sipative sectors) are due to the scalar field controlled by
the object’s screened parameter (or scalar charge), which
is inversely proportional to the object’s surface gravita-
tional potential. For the compact objects (such as white
dwarfs and neutron stars), the effects of the scalar sector
of SMG are strongly suppressed by the screening mech-
anisms, and thus the deviations from GR become small
and weak. In other words, SMG looks more like GR for
strongly self-gravitating bodies, which is completely dif-
ferent from other alternative theories without screening
mechanisms.
All current pulsar observations agree with GR’s predic-
tions within the observational uncertainties [5–8, 52, 53],
which allows us to place the stringent constraints on the
screening mechanisms in SMG. By comparing our results
for the orbital period decay rate to the observations of
quasi-circular binary system PSR J1738+0333, we ob-
tained the quite stringent bounds on the screened pa-
rameter and the scalar field VEV.
Finally, we applied our results to three specific mod-
els of SMG (chameleon, symmetron, and dilaton), and
derived the pulsar constraints on the model parameters,
respectively. For comparison, we also discussed the so-
lar system constraints on these three models. Consistent
with all the previous works, we found the following re-
sults for these SMG models: The combined observations
of the pulsar and solar systems yield a lower bound on
the chameleon parameter α and a lower bound on the
chameleon mass ms as a function of the chameleon cou-
pling constant β. Contrary to chameleon, the pulsar ob-
servations yield an upper bound on the symmetron mass
ms as a function of the symmetron coupling constant λ.
For the dilaton model, the pulsar constraints are more
stringent than the solar system tests. All these models
pass the current constraints from the pulsar and solar
systems, and we obtained the bounds on the model pa-
rameters, respectively.
At the end of this paper, we would like to emphasize
that the results derived in this article are applicable for
the quasi-circular orbits of compact binary system. In a
separate paper, we will extend these calculations to much
more general case with the quasi-elliptic orbits.
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Appendix A: Scalar solution
Now let us solve the scalar field equation by the method
of matching the internal and external solutions. We con-
sider a static spherically symmetric source object with
constant density ρo and radius R, which is embedded in
a homogeneous background of matter density ρb. Then,
the scalar field equation (8) can be simplified to
d2φ
dr2
+
2
r
dφ
dr
= m2m(ρ)
[
φ− φm(ρ)
]
, (A1)
with
ρ(r) =
{
ρo for r < R
ρb for r > R
. (A2)
This is a second order differential equation, and as such
we must impose two boundary conditions. The first is
that the solution is regular at the origin, i.e., dφ/dr
∣∣
r=0
=
0, and the second is that the scalar field asymptotically
converges to the scalar background, i.e., φ
∣∣
r→∞ → φVEV.
Moreover, φ and dφ/dr are of course continuous at the
surface of the object. By solving Eq. (A1) directly, we
get the exact solution
φ(r < R) = φo +
A
r
sinh(mor) , (A3a)
φ(r > R) = φVEV +
B
r
e−msr , (A3b)
with
A =
(φVEV − φo)(1 +msR)
mo cosh(moR) +ms sinh(moR)
, (A4a)
B = −emsR(φVEV − φo) moR− tanh(moR)
mo +ms tanh(moR)
, (A4b)
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where φo and φVEV are respectively the positions of the
minimum of Veff inside and far outside the source object,
mo and ms are respectively the effective masses of the
scalar field at φo and φVEV. In general, the radius R
is much larger than the fifth force range m−1o , but is
much less than the Compton wavelength m−1s , that is
m−1o  R  m−1s . Using this, the exterior scalar field
(A3b) reduces to
ϕ(r) = φ(r)− φVEV
= −MPlGm
r
e−msr ,
(A5)
with
 ≡ φVEV − φo
MPlΦ
, (A6)
where m is the mass of the object, Φ = Gm/R is its
surface gravitational potential. The quantity  is always
called the screened parameter (or scalar charge) of the
object. In the case of   1, the scalar field is strongly
suppressed (i.e., the screening mechanism is very strong),
whereas in the case of  & 1, the screening mechanism is
weak and the scalar force (fifth force) becomes compara-
ble with the gravitational force.
For a multibody system, we have the scalar field
ϕ =
∑
a
ϕa = −MPl
∑
a
Gmaa
ra
e−msra , (A7)
where ma is the mass of the a-th object, a is its screened
parameter, ms is the effective mass of the scalar, and
ra = |r− ra(t)| .
Appendix B: PN expansion of the metric tensor
Here we will derive in detail the PN expansion (30) of
the metric tensor. We follow very closely the method out-
lined in [3]. For convenience, the tensor field equations
(7) is written in the equivalent form
Rµν = 8piG [Sµν + ∂µφ∂νφ+ V (φ)gµν ] , (B1)
with
Sµν ≡ Tµν − 1
2
gµνT , (B2)
where Tµν and T are respectively the energy-momentum
tensor of matter and its trace, given in Eqs. (4) and (5).
In the weak-field limit around the flat Minkowski back-
ground and the scalar field VEV (scalar background), the
tensor Sµν is expanded in the form:
S00 =
1
2
∑
a
maδ
3(r− ra)
(
1 +
3
2
v2a −
(2)
h00
− 1
2
(2)
hijδij +
a
2MPl
(2)
ϕ
)
+O(v6) ,
(B3a)
S0j =−
∑
a
mav
j
aδ
3(r− ra) +O(v5) , (B3b)
Sij =
δij
2
∑
a
maδ
3(r− ra) +O(v4) . (B3c)
By using these relations, the right-hand sides of the ten-
sor field equations (B1) can be expanded to the required
order in the form:
R00 =4piG
∑
a
maδ
3(r− ra)
(
1 +
3
2
v2a −
(2)
h00
− 1
2
(2)
hijδij +
a
2MPl
(2)
ϕ
)
+O(v6) ,
(B4a)
R0j =− 8piG
∑
a
mav
j
aδ
3(r− ra) +O(v5) , (B4b)
Rij =4piGδij
∑
a
maδ
3(r− ra) +O(v4) , (B4c)
where we have neglected the bare potential V (φ) corre-
sponding to the dark energy. The left-hand sides of the
tensor field equations (B1), i.e., the components of the
Ricci tensor, are expanded to the same order in the form:
R00 =− 1
2
∇2
(2)
h00− 1
2
∇2
(4)
h00− 1
4
(∇(2)h00)2− 1
2
((2)
hjj,00−2
(3)
hj0,j0
)
+
1
2
(2)
h00,j
((2)
hjk,k− 1
2
(2)
hkk,j
)
+
1
2
(2)
hjk
(2)
h00,jk+O(v6) ,
(B5a)
R0j =− 1
2
(
∇2
(3)
h0j+
(2)
hkk,0j−
(3)
hk0,jk−
(2)
hkj,0k
)
+O(v5) ,
(B5b)
Rij =− 1
2
(
∇2
(2)
hij−
(2)
h00,ij+
(2)
hkk,ij−
(2)
hki,kj−
(2)
hkj,ki
)
+O(v4) .
(B5c)
In addition, in order to solve the tensor field equations,
we generally impose the PN gauge condition [3]
hµi,µ −
1
2
hµµ,i = 0 , (B6a)
hµ0,µ −
1
2
hµµ,0 = −
1
2
h00,0 . (B6b)
We consider the PN tensor field equations (B4a) and
(B5a) up to order O(v2), and obtain the equation
∇2
(2)
h00 = −8piG
∑
a
maδ
3(r− ra) , (B7)
this solution is
(2)
h00 = 2
∑
a
Gma
ra
. (B8)
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For the spatial components, up to order O(v2), using the
PN gauge (B6a), the PN tensor field equations (B4c) and
(B5c) follow
∇2
(2)
hij = −8piGδij
∑
a
maδ
3(r− ra) , (B9)
this solution is
(2)
hij = 2δij
∑
a
Gma
ra
. (B10)
For the mixed components, up to order O(v3), using the
PN gauge (B6), the PN tensor field equations (B4b) and
(B5b) follow
∇2
(3)
h0j +
1
2
(2)
h00,0j = 16piG
∑
a
mav
j
aδ
3(r− ra) , (B11)
and using Eq. (B8), the solution is given by
(3)
h0j = −7
2
∑
a
Gmav
j
a
ra
− 1
2
∑
a
Gma
r3a
(ra ·va)(rj−rja) .
(B12)
Now, considering the PN tensor field equations (B4a) and
(B5a) up to order O(v4), using the PN gauge (B6), and
we obtain the equation
∇2
(4)
h00 +
1
2
∇2
(2)
h200 −
(2)
h00∇2
(2)
h00 −
(2)
hjk
(2)
h00,jk =
−8piG
∑
a
maδ
3(r−ra)
(3
2
v2a−
(2)
h00− 1
2
(2)
hijδij+
a
2MPl
(2)
ϕ
)
,
(B13)
and this solution is derived in the form by applying the
above results [(B8), (B10), and (A7)],
(4)
h00 =− 2
(∑
a
Gma
ra
)2
+ 3
∑
a
Gmav
2
a
ra
− 2
∑
a
∑
b6=a
G2mamb
rarab
(
1 +
1
2
abe
−msrab
)
.
(B14)
In the all above expressions, ma is the mass of the a-
th object, a is its screened parameter, va is its velocity,
ms is the effective mass of the scalar field, and ra =
|r− ra(t)|, rab = |ra(t)− rb(t)|. Finally, summing the
relevant components of gµν , and we obtain the results
presented in Eqs. (30).
Appendix C: Evaluation of integrals arising in the
derivation of scalar radiation
Here, we derive the integrals related to the scalar en-
ergy flux. It is hopeless to get an exact result of these
integrals. However, we can obtain their asymptotic be-
havior in the wave zone (r → +∞).
〈cos(ωru)〉n=
∫ ∞
0
cos
(
ωr
√
1+(
z
msr
)2
)
J1(z)dz
(1+( zmsr )
2)
n
2
,
〈sin(ωru)〉n=
∫ ∞
0
sin
(
ωr
√
1+(
z
msr
)2
)
J1(z)dz
(1+( zmsr )
2)
n
2
.
(C1)
We only discuss the evaluation of 〈cos(ωru)〉n, since
〈sin(ωru)〉n can be evaluated in the same way. Choose a
parameter λ such that msrλ  1 and split the integral
into two parts. The asymptotic expansion of the first
part can be obtained by performing integration by parts
as follows:∫ msrλ
0
cos
(
ωr
√
1 + (
z
msr
)2
)
J1(z)dz
(1 + ( zmsr )
2)
n
2
= cos(ωr)− J0(msrλ) cos(ωr
√
1 + λ2)+· · · .(C2)
For the second part, when we perform integration by
parts, we can exactly cancel the terms in Eq. (C2) that
depend on λ. Therefore, all the contribution that comes
from the end point msrλ can be ignored.
We can substitute the leading asymptotic behavior of
Bessel function
Jν(x) ∼
√
2
pix
cos(x− νpi
2
− pi
4
), (C3)
into the second part, then the integral can be approxi-
mated by√
2
pi
∫ ∞
msrλ
cos
(
ωr
√
1 + ( zmsr )
2
)
cos(z − 3pi/4)
√
z(1 + ( zmsr )
2)
n
2
dz.
(C4)
The above integral can be transformed into complex in-
tegral
I =
1
4
√
2
pi
∫ ∞
msrλ
eρ(z)dz√
z(1 + ( zmsr )
2)
n
2
, (C5)
with
ρ(z) = in1ωr
√
1 + (
z
msr
)2 + in2(z − 3
4
pi), (C6)
where n1,2 = ±1. The integration contour that gives the
dominant contribution of the integral is determined by
ρ(z) and the relative sizes of ω and ms.
When ω > ms and n1 = −n2, ρ(z) has a stationary
point at a =
m2sr√
ω2−m2s
. Using the method of stationary
phase [72], I can be approximated by
I ∼ 1
4
√
2
pi
eρ(a)√
a(1 + ( amsr )
2)
n
2
∫ +∞
−∞
dteρ
′′(a)t2/2
∼ −1
2
ein1
√
ω2−m2sr
(√
ω2 −m2s
ω
)n−1
. (C7)
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When ω > ms and n1 = n2, ρ(z) has no stationary point
and hence I does not give contribution to the leading
asymptotic behavior of Eq. (C1). All in all, the leading
asymptotic behavior of 〈cos(ωru)〉n and 〈sin(ωru)〉n for
ω > ms are
〈cos(ωru)〉n ∼ cos(ωr)−
(√
ω2−m2s
ω
)n−1
cos(r
√
ω2−m2s),
〈sin(ωru)〉n ∼ sin(ωr)−
(√
ω2−m2s
ω
)n−1
sin(r
√
ω2−m2s).
(C8)
When ω < ms, ρ(z) has two saddle points. Using the
method of steepest descent [72], we can obtain the leading
asymptotic behavior of Eq. (C1) ,
〈cos(ωru)〉n ∼ cos(ωr)−
(√
m2s−ω2
ω
)n−1
× e−r
√
m2s−ω2 in−1+(−i)n−1
2 ,
〈sin(ωru)〉n ∼ sin(ωr)−
(√
m2s−ω2
ω
)n−1
× e−r
√
m2s−ω2 in−1−(−i)n−1
2 . (C9)
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